Decorrelation of vector fields with speed of varifolds

Infinite-Dimensional Geometry : Theory and Applications

Rayane Mouhli

Joint work with Barbara Gris and Iréne Kaltenmark

Université Paris Cité (MAP5) & Sorbonne Université (LJLL)

Rayane Mouhli Decorrelation of vector fields February 4th, 2025 1/24



LDDMM
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LDDMM (Beg, Miller, Trouvé, Younes 2005)

Let v € L2([0,1],V) be a time-varying vector field where V < C2(R¢,RY).
The flow of diffeomorphism ¢V generated by v is the unique solution of :

O =vr o) st @p=1id

Shape registration corresponds to the following energy minimization problem :

1
1
i E = —|v | dt + D g, M
veLg?[%JI,ll],V) (®) /02|Ut‘v ler-a, ¢
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Decorrelation of vector fields
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Coupling two types of deformations

Let v € L%([0,1],V),w € L?([0,1], W) be two vector fields and 1) its associated
diffeomorphism.

Pr=(ve+we) by st o =id
Given a source ¢(©, the deformed shape ¢; = wt(q(o)) follows the dynamic

Gy =V - q + wg - qy

The energy minimization problem associated is

1

1
1
i E = | Sloli + 5lwldt
UJHELZH(l)l,Ill],VXW) (v, w) /02|vt|V+2|wt|W + Alq1)

where A : Q — R is a data attachment term
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Decorrelation with respect to a shape
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Decorrelation with respect to a shape
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Decorrelation with respect to a shape
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Decorrelation with respect to a shape
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Decorrelation of vector fields
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Correlation with respect to a shape

We define the correlation with respect to a shape ¢ between a vector field v € V'
and a space of vector fields W by

Corry(v, W) = ||Jw*||w

where

* . 2
w* = arganin 9114(0) — dptg(w)|3 + Ml

and W — C}(R? R?) is a Reproducing Kernel Hilbert Space
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Varifold

Definition

A varifold is a continuous linear form on Q = {w : R? x S~1 — R}.
The varifold i, associated to the shape ¢ : X — R? is defined by :

pa(w) = [ w(o,f@)) da

where frepresents a tangent/normal vector to the curve/surface.

A discrete curve can be modeled by a varifold

paw) =Y llagz — ap |l wlclar), tay))
(/. F)eF

qf1+qf2
2

where ¢(qf) = and 7 (q5) = 22242

B Hqu2*Qfl I

L 4 .\
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Properties

Proposition

Given a RKHS W < C(R? x S%~1) generated by a kernel kyy = kg ® kr and
two curves g, and g, represented by (i, , itq, € W', there exists a scalar product
<uqa7uqb>'

Proposition

The action of a diffeomorphism on a varifold is defined by

(Gutig) (W) = po(q) (@) = D llglar) — dlap)ll w (c(b(ar)), Hb(gr)))

(fH.f2)er
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Speed of a varifold induced by a vector field

Theorem (Charon, Trouvé 2013)

Let t — ¢4 be a flow of diffeomorphism such that ¢y = id and gi;t|t:0 =v

S ) —vlaran —ar) o0 Fo)

e llggr — qp=||

+ llap = gl (Balelan) Tap)|oleta)))

+  llgp — gz <3M(C(Qf),f(qu))‘VLv(Qf))

t (@)
dt t:O’u¢t ()

1., N 1'(’17&\)7"({1%) - ((If I((/fl _A> v ) g .
where V+v(qf) = =] < e t(ar)) t(qr)

In the following, we will denote %|t20p¢t(q) as dpiq(v)
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Speed of a varifold induced by a vector field

Theorem (Charon, Trouvé 2013)

Let t — ¢4 be a flow of diffeomorphism such that ¢y = id and gi;t|t:0 =v

Z (v(grz) —v(gp), gpr — gp2) w(e(gr), tay))

e llggr — qp2|

t (@)
dt t:O’u¢t ()

-,

+ llap = gl (Balelan) Tap)|oleta)))
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Speed of a varifold induced by a vector field

Theorem (Charon, Trouvé 2013)

Let t — ¢4 be a flow of diffeomorphism such that ¢y = id and gi;t|t:0 =v

@ W) — (v(gr2) —vlap)iap —ap2) o om
B = 3 (c(ap), lap))
+ qul — qy2 H (a;I;W(C(qf): H(Qf)) U(((qf)))

-,

+ llap = apll (lelar), flap) |V *4vlar))

Lofn z'(qrg\)fl'(qfl‘) - 1'((”2)*1'(/“1) AN B
where V-v(qs) = e e t(qr)) t(qr)
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Speed of a varifold induced by a vector field
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Correlation with respect to a shape

We define the correlation with respect to a shape ¢ between a vector field v € V'
and a space of vector fields W by

Corry(v, W) = ||Jw*||w

where

* . 2
w* = arganin 9114(0) — dptg(w)|3 + Ml

and W — C}(R? R?) is a Reproducing Kernel Hilbert Space
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Dynamic generated by two vector fields

Given V, W two spaces of vector fields, we are interested in the following
energy-minimization problem

1
1 1
i E = —ugl3 + = w3 dt
e AT (v, w) /02|Ut|v+2|wt|w + A(q1)

s.t Gy = V¢ - Qs + Wy - G
where A : Q — R is a data attachment term.

Different approaches in the litterature :

@ Multiscale kernel bundle, sum of gaussian kernel : Sommer et al. 2013, Risser
2011

@ Semidirect product : Bruveris et al. (2010, 2012)
@ Hierarchical model : Pierron et al. 2024
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Direct model

We consider the flow of diffeomorphism 1) generated by (v, w) € L%([0,1],V x W)

Yy = (v +wy) othy where 1y =id

Considering the deformed shape ¢; = v;(¢(?)) the energy minimization problem is
equivalent to

1
. 1 1

min F(pg) = / §|vt|%, + §|wt|%vdt + A(q1)

Po 0

G =& (ve) + €5 (wy)

o )P = 0 ) + 0, (w)p
. Vx
vy = vaqt Dt
wy = Kw&ff*pt

where £) (v¢) = vy - qi, &) (wi) = wy - g and p, € T}, Q
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Direct model

We consider the flow of diffeomorphism 1) generated by (v, w) € L%([0,1],V x W)

Yy = (v +wy) othy where 1y =id

Considering the deformed shape ¢; = v;(¢(?)) the energy minimization problem is
equivalent to

1
. 1 1

min E(pg) = / “|vel? + = |welFrdt + A(q)

Po 0 2 2

G =& (ve) + €5 (wy)

o ) B = (0 (o) + 0 (i) py
. Vx
v =Kv&,pe
wy = wagf*pt

where £) (v¢) = vy - qi, &) (wi) = wy - g and p, € T} Q
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Direct model

We penalize the energy with the correlation to define a new problem.

1 1
1 1 1
min E(pg) = /0 i\vtﬁ/ + §|wt\%vdt + 7/0 5 Corry, (v, W)?dt + A(q1)

Po
G =& () + &YV (wy)
ot Pe = —(0g&q (vr) + Doy (we))*pi
vy = Ky&) py
w = Kw&, "t

where é';i(vt) =V @, fg(wt) = W¢ - q and Pt € T‘;Q
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Decorrelation with one moment

Translation = [0.04, 0.05] | Correlation = 0.0021
t=0.0 =056 t=1.0
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Decorrelation with one moment

Translation = [1.62, 1.51] | Correlation = 0.6526
t=0.0 =056 t=1.0
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Direct model

Considering the partial gradient of E(v,w), we can define a new problem
parameterized by two moments (p, ,p}") € T;Q < Ty Q.

1 1
; 1 1 1
min B! pl)) = / §\vt|2v+§|wtwivdt+x / 5 Corg, (v, W)2dt + Algy)
0 0

G =v-q+wy-
= (qf (v )+3§ (wt))
st = <qe@< )+ 00 () pl¥
(%7 *va
wy _KWé- * VV
where &Y (v1) = ve - qr, &Y (wi) = we - 1.
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Dynamic generated by two vector fields
[ee]ele]e] lelelelelele]e]

Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.21
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.29
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.36
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.43
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Dynamic generated by two vector fields
[ee]ele]e] lelelelelele]e]

Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.5
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.57
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.64
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758

t=0.71
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Dynamic generated by two vector fields
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Direct model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.6758
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Decorrelation of vector fields



Dynamic generated by two vector fields
0000008000000

Direct model with decorrelation

Rayane Mouhli

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.0

Decorrelation of vector fields
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.07
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.14
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.21
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.29
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.36
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.43
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.5
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.57
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.64

Rayane Mouhli Decorrelation of vector fields uary 4th, 2025




Dynamic generated by two vector fields
0000008000000

Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.71
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.79
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.86
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Direct model with decorrelation

Translation = [1.98, 1.93] Correlation = 0.0022

t=0.93
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Direct model with decorrelation

Rayane Mouhli

Translation = [1.98, 1.93] Correlation = 0.0022

t=1.0

Decorrelation of vector fields
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Semidirect model (joint work with Thomas Pierron)

Let G be a finite dimensional Lie group and g its Lie algebra. We denote o, ()
the action of G on Diff oy (R?).

We consider the semidirect product G = G x Diffcg (R?) and we assume it acts
on () as follow :

(9,90)-a=9-(¢-q)

Example : If G =R? , then ar(¢)(z) = (z+T) —T and (T,¢)-q= p(q) +T.
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Semidirect model

The minimization problem associated to the semidirect model is

1
. 1 1
min F(pg) = / i‘vtﬁ/ + i\Xt@dt + A(q1)
0

Po
G =vi-q+ Xt q
Dt —(0g&y (v) + 048 (X4))* e
s.t Vx
vy = vaqt Y2
Xy = Kgfgt*pt

where £ (Xt) =Xt q and p; € 1;.Q

February 4th, 2025

20 / 24
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Semidirect model

The minimization problem associated to the semidirect model is

1
. 1 1
min E(py) = / i‘vtﬁ/ + i\Xt@dt + A(q1)
0

Po
G =vi-q+ Xt q
Dt _(&16;/; (Ut) + aqut (Xt))*pt
s.t Vx
v =Ky, "t
Xy = Kgfg:pt

where £ (X)) =Xt q and p; € 1;.Q

February 4th, 2025
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Semidirect model

We define a new shape § = g~ ! - ¢, in particular the deformation of § is

Gt = ¥t _q(o)

Considering the augmented shape space G x @) and a new data attachment term

Alg,q) = Alg - q) = Alg)

will allow us to consider two moments p® € T*G and p € T*Q.
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Semidirect model

The minimization energy problem can be written with two moments
(0e,pf) € T5,Q x Ty,G

t

1 1
. 1 1 1 .
min £( g = / §|vt|‘2/ + §|Xt|§dt + )\/ 3 Corry, (vg, 9)dt + A(g1, 1)
' 0 0

sPo
g =Xi-g
g =didayg, (}11&) Gt
o = — (0, (diaag, (v))"
Py = (0483 (X0))*p} — (04€7, (diacg, (v1)))*

v = Ky (&, daag,)”
Xi = K&}

where fgt (Xy) = Xig
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.0
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.07
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.14
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.21
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.29
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.36
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.43
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.5
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.57

Rayane Mouhli Decorrelation of vector fields




Dynamic generated by two vector fields
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.64

Rayane Mouhli Decorrelation of vector fields




Dynamic generated by two vector fields
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.71
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Dynamic generated by two vector fields
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.79
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.86
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=0.93
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Semidirect model without decorrelation

Translation = [1.44, 1.4 ] Correlation = 8.5585

t=1.0
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